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The purpose of this investigation was to examine a proposed 
method for determining the them1 diffusivlty of solid propellant 
rocket fuels. This method employs a rapid experimentai procedure 
providing data from which thermal diffusivity may be obtained by a 
simplified calculation procedureo 
An unsteady-state heat transfer system was const,ructed which 
permitted the elevation of the temperature at one end of a solid, 
cylindrical sample of rocket propellant initially at a uniform 
temperature throughout. The sample was surrounded by nested pipe 
insulation and enclosed in a box to mtnimize radial heat losses and 
to provide essentially unidirectional heat flow in the sample. A 
cylindrical heater assembly was inserted through ar. access gort in 
the sample container until it made contact wlth one end of the sample. 
The temperature-response histories at various locations in the sample 
were measured by means of thermocouples embedded in the sample. 
The temperature history data obtained during an experimental 
run were used to calculate thermal dfffUsivfty by a modification of a 
simple error function calculation method for temperature response to a, 
step-Functfor, rise in surface temperature. The results obtained by thfs 
simplified calculation procedure were compared with results obtafned by 
ti much longer calculation procedure employing an exsct-solution equation 
derived for the experfmental conditions. This exact equation was solved 
by trial and error on an IBM 650 Digital Computer. 
The results calculated by the simplified calculatfon procedure 
deviated more than 10 per cent from the mean value when averaged over 
a long period of run. time. The results of the exact-solutfon procedure 
verified the adverse effects of heat losses from the sample approxi- 
mately five minutes after the start of the temperature rise at the 
response temperature locatSon in the sample. The results obtained by 
the simplified calculation procedure within this five mfnute data-run 
period were wfthin 10 per cent of" the resuits obtained by the exact- 
solution procedure. The d.ifhsivity values calculated by the exact 
solution provided reproducibility within 5 per cent. No evaluation of 
the method could be made using low-conductivity samples of known thermal 
diffusivfty due to the unavailability of these materials in the re- 
quired geometric configuration. 
The recommendation is made that additional investigation be 
conducted with an improved system in which heat-loss effects are reduced 
and that an evaluation of the method be determined by using samples whose 
thermal dfffusivities are know or can be determined by measuring the 




Thermal diffusivity is defined as the ratio of the thermal con- 
ductlvity of a substance to the product of its density and heat capacity 
and it is expressed in units of area per unit of time. This combination 
of properties is an important proportionality constant in the equation 
for unsteady-state heat conduction in materials and, as a result, it has 
an important role in many practical heat transfer calculations. There 
is currently vital interest in the heat transfer characteristics of solid 
propellant rocket fuels among those people who design vehicles powered by 
these fuels and those who manufacture solid propellants. As a result of 
this interest, there is a demand for thermal diffusivity data on the 
many types of solid propellants that are being developed. 
New, experimental, solid propellants are being designed contin- 
uously with many different compositions obtained by varying the types and 
the amounts of the constituents of which they are composed. With so many 
of these "prototype" fuels in continuous development, it is important that 
rapid methods for determining thermal diffusivity of the fuels be available. 
The purpose of this investigation is to examine a method for determining 
the thermal diffusivity of solid propellant rocket fuels which employs a 
rapid experimental procedure providing data from which t h e m 1  diffusivity 
may be obtained by a simplified calculation procedure. The original in- 
vestigation was sponsored by Rohm and Haas Company, Redstone Arsenal 
Research Divi sion, X~~n t+sv i l l e ,  Alabama- 
Thermal d i f f 'us iv i ty  m y  be obtained by several. d i f f e r en t  methods. 
A r a t he r  cornman one involves measuring separate ly  the  th ree  proper t ies ,  
thermal conductivity, densi ty  and heat  capacity, which, taken appro- 
p r i a t e l y ,  comprise the  thermal d i f f u s i v i t y  of the  sample. The experi-  
mental procedures associa ted with determining each of these  p roper t i es  
a r e  complicated by many d f f f i c u l t i e s  a ~ i s i n g  from the  uniqge problems 
involved i n  handling rocket f ue l s .  In addit ion,  t he  experimental pro- 
cedures a r e  labori0u.s and time-consuming; thus,  a method f o r  t he  d i r e c t  
d e t e m f m t i o n  of thermal. d f f f a s fv i t y  i s  des i rable .  
An expe~imentaj.  method f o r  determining theyma1 d i f f u s i v i t y  
d i r e c t l y  would, of necessi ty,  require  the  measuring of temperature-time 
re la t ionsh ips  a t  variaus locat ions  i n  the  sample during an  unsteady- 
s t a t e  heat  t r an s f e r  process; theye i s  no t h e m a l  d i f f u s i v i t y  term i n  t he  
s teady-s ta te  heat  t r an s f e r  equation, The boundary condit ions ex i s t i ng  
dul-ing the  unsteady-state procedure determine the  type of mathematical 
methods t h a t  must be employed t o  solve the  unsteady-state conduction heat  
t r a n s f e r  equation. Several, examples of these  mathematical so lu t ions  a r e  
provided by Yakob ( b) and Schneider ( 2  j , Chung and Jackson ( 3) success- 
f'ully detemined t h e m 8  d i f f u s i v i t y  sf p l a s t i c  mate r ia l s  and double-base 
s o l i d  propel lant  samples4 In +,heir method, the  appara,tus and mthematfcal  
solut ion were based upcn r a d i a l  hest t r a n s f e r  i n  a so l i d ,  cy l i nd r i ca l  
sample of s u f f i c i e n t  LengZh t o  be consfdered, t heo re t i cdLy ,  I n f i n i t e l y  
long. The use sf' the  " i n f i n i t e "  sample s a t i s f i e d  one boundary condit ion 
demanded by t he  ma%hematical solution emplboyedo 
Another method, having 8 simpler but l e s s  accurate mathemaxical 
solut ion,  is based upon a x i a l  heat, flow i n  a s o l i d  sample of s u f f i c ~ e n t  
length  and. insu la ted  on a11 buC one surface such t h a t  it can be considered 
a semi- inf in i te  so l id .  Using t h i s  method, one surface of t he  smpl-e 
havlng an m i t i a l l y  uniform temperature throughout i s  suddenly brough,t t o  
and m i n t a i n e d  a t  some higher temperature f o r  the  duration of the  t e s t ,  
f o e . ,  t h e  surface temperature fs 8, s t ep  fw?ction of time. The temperature 
response zo t h i s  sudden e levat ion of surface temperature at  some loca t ion  
i n  t he  sample a given distance from the  surface and a f t e r  some duration 
of time from the  surface temperature r i s e  i s  given by the  simple e r r o r  
funct ion response t o  a s t ep  function boundary condition. If t h i s  r e -  
sponse temperature is measured, it provides a value f o r  t h e m 1  d i f fu s iv i t y ,  
as can be seen from the  s t ep  fknction solutfon.  This solut ion,  a6 given 
by Jakob (11, is, 
Since values f o r  the  complementary e r r o r  function a r e  tabula ted 
i n  severa.1 sources such as Schneide;~ (2) and C a r s l a w  and Jaeger ( h ) ,  the  
f i ~ n c t i o n  term and, hence, thermal d i f  f b s i v i t y  can be determined. 
Z K T  
Extremely d i f f i c u l t ,  if not h p o s s i b l e ,  i s  the  p r a c t i c a l  achieve- 
ment of a step-fbnction r i s e  i n  the  surface ternperatwe of a sample. In 
addi t ion,  measuring t he  temperature at t he  surface of contact  between the  
sample and the  heat  source is eq,ually d i f f i c u l t  , 
Posi t ioning s t h e m e c ~ x p l e  i n  the  sample a,s near as posaib1.e $0 t h e  
heated surface  I s  ea s i e r .  %f the  temperature a t  t h i s  pa in t  is csnsidered 
t o  be the  surface temperature, the locat ion of the response-temperature 
thermocouple must be mea,sured from the thermocouple near t he  surface. 
Since the  surface temperature at  t h i s  point somewhat removed from +,he 
ac tua l  heated silrfsce would probably not exhibi t  a step-function r i s e ,  
a surface ternperabre vabi~.e obtained by @aphfcal,ly in tegratf  ng the  
curve of ~ u r f a c e  temperatice vepsus time from zero time t o  the  "equation 
t imef ' ,T  ,, and dividing thfs value by T would probably provide 
suff i .c ient ly  sccurate resuits. 
Th5s invest igat ion examines the l a t t e r  method e ~ e r i m e n t a l l y  
and ahtempts an evaluation of the  accuracy of the  resu l t ing  thermal 
d i f f i s i v i t y  values by comparing them with r e s u l t s  obtained using a acre  
exact, bu.t considerably mere complex, mathematical solut ion based upon 
the  Duhmelgs equation. This solut ion provides a more accurate temper- 
a tu re  res.ponse expression f o r  the  speci.fic surface temperature experi.- 
mentally encountered. A development of t h i s  eqmt ion  i s  provided i n  
Appendix B, 
DESCRIRION OF APPARATUS 
1%e apparatus used in this investigation was an unsteady-state 
heat transfer system. Tt was designed to permit the sudden elevation 
of the temperature st one end of a cylindrical sample of propellant, 
initially at a uniform temperature throughout, and the determination of 
the temperature history at various locations in the sample after the 
elevation of the surface temperature. A schematic diagrm of the appa- 
ratus is shown in Figure I. Photographs of the system and various com- 
ponents w e  presented in Figures 2 through 5. These figures show that 
the apparatus consisted of three categories of components: the sample 
and its container, the heating system, and the temperature measuring 
system. 
'The S q l e  and Sample Container.--The psopell.ant samples were solid 
cylinders one Inch In diameter and thirty inches long. These were manu- 
ra,ctured by the project sponsor. Thirty-gauge, chromel-aiumel thermo- 
couples were embedded at specified locations during the casting of the 
samples. One thermocouple was located as near one end of the sample as 
possible and. the temperature history measured. at this point was used as 
the surface-temperature ~Zlnction. Another thermocouple was loca-tied 
appro~irna~tely one inch from the end thermocouple. A third thermocouple 
was Located approximately five lnches from the end thermoco~ple. All three 
thermocouples were positioned as acc~nxately as possible at the same radial 
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Figure 3. Heater Assembly and Auxiliary Box Positioned at the Access P o r t  of the  
Sample Container.  


depth, i . e . ,  the  r ad i a l  ax is  of the  sample. 
The sample w a s  surrounded by nested, Kaylo pipe insulat ion t o  pro- 
vide a t o t a l  r a d i a l  insulat ion thickness of s i x  inches. The thermocouple 
wires were lead through the seams of the  pipe insulat ion halves. A ply- 
wood box just  large enough t o  encl.ose the sample-in-insulation assembly 
was constructed and a removable l i d  was attached t o  permit rapid change 
of samples, The sample thermocouple Leads were inser ted through a s l o t  
i n  the  side of the box matched with the seams of the  insulation.  These 
leads were then connected t o  a standard thermocouple terminal block 
mounted on the side of the  box just  below the  s l o t .  The s l o t  and terminal 
block were provided with a draft-preventing cover with a s ingle  hole jus t  
large enough t o  accommodate the leads from the temperature measuring 
system which were connected with the sample thermocouple leads a t  the 
terminal block. 
One end of t he  plywood sample container box was made of t r a n s i t e  
insulating material. A hole one-inch in diameter was bored in the center 
of the  t r a n s i t e  s ide  such t h a t  the  hole l ined  up exact ly  with the hollow 
core i n  the  nested insulat ion i n  which the propellant sample was placed. 
The propellant sample was positioned i n  the insulat ion and container such 
t h a t  the  end of the  sample i n  which the three thermocouples were embedded 
faced the  hole i n  the  t r a n s i t e  end of the container. This hole served as 
the  heater access por t  t o  the sample surface t o  be heated during an experi- 
mental run. 
The i n t e r i o r  of the  sample container was l i ned  with asbestos paper 
and several  vent holes were provided i n  the  container l i d  as f i r e  and 
explosion sa.feguards in the event of accidental ignition of the pro- 
pellant samples. 
The - Heating System.--The heating system consisted of a heater assembly, 
an auxiliary box for the heater and a temperature limiter-controller. 
The heater assembly was a rod of laminated design as shown in Figure 6. 
The heating section, or laminate, was an aluminum rod one inch In 
diameter and. three inches long, A hole was bored in this aluminum 
cylinder from one end to a depth of 2-5/8 inches to just fit a 250- 
watt, electric cartridge heater. The other end of the aluminum rod was 
polished to form a good heater contact surface. A tiny radial hole was 
drilled near the polished end surface to accommodate a 30-gauge, iron- 
constantan, glass-insulated thermocouple which was used to monitor 
the temperature of the heater assembly at the contact surface. A 
groove was milled from the thermocouple hole down the length of the rod 
to the end opposite the heating surface. The iron-constantan thermo- 
couple 1ea.d was pressed down in to  t h i s  groove and cemented in to  place 
with porcelain heater cement whi.ch filled the groove. When the cement 
hardened, this area was sanded to restore the uniform, cylindrical 
shape to the heater rod. This was done to facilitate insertion of the 
rod into the sample container. 
The end opposite the heater surface was counter-bored to mate with 
the shoulder on the second laminate of the assembly. This section was a 
cylinder, also one inch in diameter, of Colorlith insulation material. 
The thermocouple lead and heater ,wises were accommodated by a hole bored 
through the entire length of the section. Tnis laminate served as an 
insulator between the aluminum heat& section and the final laminate, a 

one-inch diameter rod of bakel i te .  This section was a l so  center-bored 
t o  accommodate t h e  e l e c t r i c a l  and thermocouple leads. The bakeli te 
sect ion served as a handle with which the  assembly was e a s i l y  inser ted 
in to  the sample container during a data run. 
The thermocouple and e l e c t r i c a l  leads were connected t o  a 
Sim-ply-trol pyrometer, temperature l imiter-control ler  which was used 
t o  prevent the  surface of the heater from exceeding a safe temperature 
with respect t o  the  propellant sample. 
The heater assembly was contained i n  an auxi l ia ry  box and in-  
sulated by nested Kaylo pipe insulation.  The auxi l ia ry  box was con- 
s t ruc ted  of plywood except f o r  the  end of  the  box through which the 
heated surface of the  heater assembly was th rus t  during inser t ion or 
the  heater i n to  the sample container. This end, as i n  the  construction 
of the  sample container, was made of t r a n s i t e  with a hole bored t o  match 
the  heater assembly with the access port  i n  the sample container. The 
auxi l ia ry  box was mounted on ball-type casters  t o  f a c i l i t a t e  rapid 
posit ioning of the  heater assembly t o  the  access port  of the  sample 
container. 
The Temperature Measuring System. --The temperature h i s t o r i e s  ( i . e . , 
temperature-time fkmctions) a t  the three thermocouple locations i n  the  
sample were measured by a Leeds and Northrup Speedomax, Type G, Ser ies  
60000, precision recording potentiometer, Leads from the  terminal block 
on the sainple container connected the sample thermocouples through a Leeds 
and Northrup, 10-point, thermocouple se lec tor  switch t o  the  recording ps- 
tentiometer. Since the  recording potentiometer was a single-point record- 
e r ,  the  thermocouple selector  switch permitted select ion and reading of any 
of the three sample thermocouples during a data run. 
A cold-junction reference thermocouple for the potentiometer was 
inserted in a Dewar ice bath. The potentiometer was calibrated for a 
zero reading before each data run by means of another thermocouple also 
located in the i c e  bath. 
CHAPTER I11 
EXPERmNTAL PROCEDURE 
In preparation for a data run, a sample propellant was enclosed in 
the pipe insulation to reduce radial heat losses and provide an essentially 
unidirectional, axial heat flow in the sample to obey, as closely as 
possible, the calculation boundary condition of heat, flow in a semi- 
infinite slab. The sample themocoupLe leads were connected to the termi- 
nal block on the side of the sample container. 
The precision recorder was placed in operation and calibrated for 
a zero reading with the calibration thermocouple in the ice bath. The 
temperature readings at the three thermocouple locations in the sample 
were observed until the temperature readings at all locations were the same, 
or until the sample reached a uniform, initial temperature. 
After the sample attained a uniform temperature, the temperature 
limiter-controller was switched on to raise the heater temperature to 
300gF. During this heater warmup period, the heater was contained in the 
auxiliary heater box. The access ports of the sample container and the 
auxllfary box were plugged with block insulating material. When the heater 
reached the preset temperature, the plugs in both boxes were removed; the 
auxiliary box was quickly positioned at the sample container with both 
access ports lined up and the ends of the boxes flush; and the heater 
assembly was immediately inserted into the sample container such that the 
heater si~rfaace pressed snugly against the sample end with sufficient 
pressure t o  minim~ze contact  resistance but not t i g h t  e n o u ~ d  t o  deform the  
sample and change t h e  d is tances  between t h e  embedded thermocouples. 
During t h i s  apera t lon,  the  thermocouple s e l e c t o r  switch was set t o  
permit recording of  t h e  ternpepatwe r i s e  in t h e  sample at the  themccouple 
loca t ion  neares t  the -  heated surface,  i o e . ,  the  surface-temperature f i n e t i o n ,  
The temperature a% t h i s  surface loca t ion  w a s  recorded conti.nuously except 
when the f,he,mocouple s e l e c t o r  switch was posi t ioned t o  obta in  readings 
at  the o the r  tYm thermocouple loca t ions ,  This switching m s  done every 
t7.o minutes and readxngs were t sken f o r  twen-t;y seconds at each c f  these  t w o  
1 0 c a t l o n s ~  The temperature h i s t s r v  da ta  at t he  t h r e e  themocauple Ic- 
cat ions  were co l l ec ted  fo r  thirty t o  f o ~ t y - f i v e  minutes, After t h i s  du- 
r a t i o n  of t i m e ,  t h e  hes%,~r  assembly was  remaved from t h e  sample container 
and t h e  da ta  pun was concludedo 
CALCULATION PROCEDURE 
Values of thermal diff'usivity were first calculated by a simple 
procedure to establish at least an estimate of the order of magnitude of 
the diff'usivity of the propellant sample. In an effort to evaluate the 
accuracy of the results obtained by the simplified calculation procedure, 
a trial and error solution was employed using a mathematical model 
similar to the actual experimental situation and a solution which satis- 
fied, as nearly as possible, the real boundary conditions. 
The Simplified Calculation Procedure.--By this method the sample was 
assumed to be the core of an infinite slab. Jakob (l), Schneider (2) 
and others discuss a method for determining thermal diffusivity of an 
infinite slab from the temperature response at some point in the slab to 
a step-f'unction surface temperature elevation from the initial uniform 
temperature of the sample to a new, higher temperature. The surface 
temperature remains constant at this new temperature for the duration of 
the determination. The temperature response at some distance, X, from 
the surface temperature location can be shown to be an error function of 
an expression which includes thermal diffusivity, i.e., 
The response temperature at a known distance in -Lhe sample from the 
surface-temperature thermocouple was measured for various durations of 
time. With these data, the complementary error function was calculated. 
Since values of the complementary error ntnction are tab~xlated in 
several sources such as Schneider (2) and Carslaw and Jaeger (4), the 
X function tern Lm and., hence, them1 di f  fusj.vity were determined. 
Ffguxe 7 gives values of the complementary error f'unction for corre- 
X sponding values of 
The surface temperature functions of the propellant samples were 
not step functions due to the extreme difficulty of effecting a sudden 
elevation of the surface tu a new, constant temperature. As a result, 
an experimental innovation of Equation (1) was used. An average value 
of surface temperatlure was substituted for the step-function surface 
tempesatu~, t This average temperature w8s ob%ai.ned at each time s 
point an the response-temperature data curve for which a dfffusivity 
calculation was made. To obtain this average surface temperature at 
some time pofnt,T, the correspon~ng surface temperature curve for 
the data run was graphically integrated from the start of the mAn, or 
T=O, up to the calculation point of time T This area under the 
surface-temperature curve for the ~alculat~ion interval was divided b y T  
and the resulting temperature value was used in Eqpation (1). Values 
06 thermal diff'ueivity for each sample data m l  were calculated by this 
simplified procedure at several time points. 
The Exact-Solution Calculation Procedure.--The actual experimental. heat 
transfer process occurring during a data m was analyzed and was de- 
termined to be essentially unidirectional, unsteady-state conductian 

heat transfer in a seml-inffnite slab. Ln addition, one end surface re- 
mained at %he constant, initial uniform temperature of the slab and the 
other end surface was exposed to a temperature rise which was some 
function of time, Churchill ( 5) presents a generalized solution based 
on DuhamelPs theorem for these boundary conditions and for any known 
transient surface temperature fbnctiono The surface temperature funct-ions 
for the sample runs were all found to be of t h e  form 
Substituting this surface temperature function Churchill's 
version of Duhamells equation resulked in a response temperature equation 
for the temperature response at any distance x which may be written 
A complete development of this equation is given in Appendix B. 
By use of appropriate constants in Eqpation (3) corresponding to a 
particular data mn,  a trial and errcr sohtion was programmed for an IEM 
650 Digital Computer using the Bell Genera,b Purpose Programming System. 
This solution was ~ s e d  to determine the value of thema? diffusivity which, 
when substituted into Equation [ 31, ~esulked in response temperatu~e 
values that agreed with the expe~frnental response ternpe~a~t1xt-e &+ta. The 
initial assumed value of thermal diffusivfty which provided a starting 
point for the trial snd error solution was obtained by averaging the thermal 
diff'usivity values caXculsted art. various time points for the k t a  runs by 
the simplified procedure. The computer program used in these solutions 
is presented in detail in Appendix C. 
CHAPTER V 
DISCUSSION OF RESULTS 
The experimental data and calculated r e s u l t s  a r e  presented i n  
Tables 1 through 10 and Figures 8 through 13. Values of thermal 
d i f f u s i v i t y  were determined f o r  two propellant  samples only. Two 
da ta  runs were obtained f o r  a sample containing f o r t y  per cent 
aluminum. One run was obtained f o r  a sample containing one per cent 
aluminum and a second run was attempted. During t h i s  attempt, however, 
the  sample became unexplainably ign i ted  ( t h e  recorder indicated ign i t ion  
a t  250 '~ )  and caused suf f ic ien t  minor damage t o  the  equipment t o  make 
fu r the r  invest igat ion inadvisable. Comparison runs using low-conductivity 
materials  of known thermal d i f f i s i v i t y  were not made since such samples 
were not avai lable  i n  the  required geometric configuration. Materials 
of high conductivity were not su i tab le  f o r  comparison purposes. 
The r e s u l t s  obtained f o r  thermal diff 'usivity of t he  samples by the  
s impl i f ied calculat ion procedure a r e  presented i n  Tables 4 through 6. 
I n  t he  two da ta  runs f o r  sample type PG, containing twenty per cent 
aluminum, the  thermal d i f f u s i v i t y  values became smaller and smaller f o r  
calculat ions  a t  increasing time values. This resu l ted  i n  a l a rge  mean 
deviation of the  calculated values from the  average of t he  calculated 
values. This presented a problem of determining the  time range, e i t h e r  
e a r l i e r  o r  l a t e r  i n  the  runs, wherein t he  calculated d i f f u s i v i t y  values 
were most accurate.  This problem appeared t o  be l e s s  acute i n  the  
calcula t ions  f o r  the  data run f o r  sample type ND, containing one per  cent 
aluminum. In  t h i s  case, the  mean deviation i s  comparatively small due t o  
the  small va r ia t ions  between calcula ted d i f f u s i v i t y  r e s u l t s .  Nevertheless, 
the  approximate optimum range ~f app l i cab i l i t y  of t he  s impl i f ied calcu- 
l a t i o n  procedure had tc he determined i n  order t o  provide a greater  degree 
of general usefulness f o r  the  s impl i f ied method. 
The r e s u l t s  of t he  lhhmel soPation prov~ded  t he  basis f o r  ana lys i s  
of t h e  applicable range p ~ o b l e m ~  A s  shown in Tables 7 through 9 and 
Figures 11 throu& 13, t he  response-temperature va l~ i e s  c d c u l a t e d  f o r  
various d i f f u s i v i t l e s  by the  exact-solution method agreed w i t h  the  experi- 
mental response data e i t h e r  i n  the  e a r l i e r  OY l a t e r  time ranges of t he  
data run but not over the  e n t i r e  time range, Agreement between the  cal -  
culated response temperatures fox- some value of t h e m 1  d i f f u s i v i t y  and 
the  experimental response data should have resu l ted  i f  the  boundary con- 
ditioris assumed f o r  the  c a l ~ u l a ~ t i o n  model had been the same as those f o r  
the experimen-tal system. A s  i s  the case i n  Tiny heat t r a n s f e ~  s tud ies  
with sample mater ia ls  of l o w  t h e r m a l  conductivity and d i f fus iv i ty ,  con- 
s iderable  difficulty i s  expe~tenced  i n  ob-t;alning insuht i ing mater ia ls  
with whlch t o  surround t he  samples t o  minimize he=% ? ~ s s e s .  Ofken, t he  
insu la t ing  mater ia ls  which provide the optimum f l e x i b i l i t y  of handling 
have conductivity and d i f f u s i v i t y  values not much Lower t h a n  those of the  
smpbes.  Thus, padial  heat-loss s ac r f f l c e s  must be endured to obtain  an 
experimental method providing speed and f l e x i b i l i t y  f o r  handling la rge  
q m n t i t i e s  sf samples i n  a shor t  period of time. T h ~ s ,  of' course, r e s u l t s  
i n  inaccuracies of varying magnitudee This appear's t o  be the  s i t ua t i on  
i n  the experimental, system of t h i s  investiga.tiono 
A s  a r e su l t  of the r ad ia l  he& loss ,  the assumption tha t  these 
heat losses would be l e s s  pronounced dwing the e a r l i e r  period of the 
data ~ m n  than a t  the l a t e r  time periods i s  reasonable. h o t h e r  fac tor  
contributing t o  t h i s  delay i n  radial heat l o s s  e f fec ts  could have been 
the method by which the samples were heated. The long rod heater not 
only heated the sample but a l so  the portion of the insu.lating material 
t ha t  overlapped the sample. It i s  possfb'le tha t  the slight resul tant  
r i s e  i n  tem,perature of the insulating material a t  the beginning of a 
run would have a guard-heater e f fec t  during th.e e a r l i e r  period of a data 
In view of these factors,  the response-temperature values calcu- 
l a t ed  by the exact-solution method whieh provided best agreement with 
experimental data during the i n i t i a l  period of" a run were selected as 
most va l idq  The respective assumed thermal. diff is-fvi ty  value which 
resul ted i n  these response temperatures was taken t o  be the property 
value f o r  the sample, Further, the i n i t i a l  regions i n  Figures 11 through 
13 i n  -which tize calculated response cunre f o r  the  selected d i f fus iv i ty  
values coincide with the experimental data c w e s  were designated as the 
regions i n  which the optfmum boundary-condition a,greenaent occurred and, 
hence, the regions of optimum appl icabi l i ty  of the  simplified calculation 
procedure. A comparison of the thermal diff 'usivity values calculated by 
the exact-solution method with the  diff 'usivity values calculated by the 
simplified method within 'he a p p r e n t  regions of appl icabi l i ty  predicted 
by the exact solution is  presented i n  Table 10. The agreement between 
r e su l t s  ca lcula ted by the  two methods is within 10 per cent f o r  a l l  runs. 
Further, t he  agreement between t he  dif.fUsivity values calcula ted by the  
exact solut ion f o r  data runs l and 2 f o r  the  same sample, type PG, is  
within 5 per  cent. The thermal proper t ies  of t h i s  type of propellant  
have not been determined with ce r t a in ty  by other methods and no bas i s  of 
comparison i s  avai lable  t o  ascer ta in  t he  accuracy of t he  method used i n  
t h i s  study. The contributions of fnstmentm response e r rors ,  radial. heat 
l o s se s  and calcula t ion eprors probably account f o r  the  deviation between 
r e s u l t s  of two m s  f o r  the  same sampleo The r e s u l t s  obtained by the  
s impl i f ied procedure employed i n  a range of time not exceeding f i v e  
minutes a f t e r  the  start of t he  temperature r i s e  a t  t he  response- 
thermocouple loca t ion  w i l l  probably be within LO per cent of t he  values 
predicted by the  exact solut ion method. 
Due t o  ce r t a in  l imi ta t i ans  imposed upon t h i s  invest igat ion,  
extensive da ta  on rocket propel lants  of the same type and on materials 
whose dl f f 'us ivi ty  values a r e  f a i r l y  well known were not obtained. A s  a 
r e s u l t ,  no generalized statement of the  accuracy, app l i cab i l i t y  o r  over- 
a l l  value of - this  method can be mde .  The method used i n  t h i s  study i s  
rap id  but Its Limitations depend upon the  s i m i l a r i t y  bebeen  t h e  experi-  
mental boundary conditions maintained and those of t he  calcula t ion model. 
Furzher invest igat ion seems necessapy to  determine the s eve r i t y  of these 
l im i t a t i ons ,  
Table 1.. Experimental. Data for Run No. 1 
Sample Type PG - 20% Aluminum 
(X = ~ ~ 8 6 4  inches; t = 7 0 ' ~ )  
i 
Time Surface Temperature Response Temperature 
Min. t, mv. 
s ' t; O F  tXy mv. s ' tx, 
Table 2, Experimental Data for Run No. 2 
Sample Type PG - 20$ Alwninum 
(X = 0.864 inches; ti = 7 6 ' ~ )  
Time Surface Temperature Response 




Table 3. Experimental Data for Run No. 3 
Sample Type ND - 1$ Aluminum 





Temperature Response Temperature 
O F  tx, mv. tx' O F  
o 2 4 6 8 lo 12 14 16 18 20 
Time,  T , Minutes 
Ffgure 8. Surface and Response Temperature versus 
Time Data for Run No. 1. 
o 2 4 6 8 l o  12 14 16 18 20 
Time, , Minutes 
Figure 9. Surface and Response Temperature versus 
Time Data for Run No. 2. 
~ i m e , T ,  Minutes 
Figure 10. Surface and Response Temperature versus 
Time Data for R k h  No. 3. 
Table 4. S m r y  of Dif fusivity Calc~ la t ions  
by Simplified Error Function Method 
for 
Run No, 1, Sample Type PG, 2076 Aluminum 




90 207 0.146 18.3 x 10.0:; 
115 239 0.281 16.7 x 
131 239 0.361 15.5 X 
143 244 0.420 14.9 x 10 
150 248 0,450 13.6 x 
2 
Average d = 15.8 x lom3 ft /hr . 
Mean Deviatf on = f 8.6% 
Table 5. Summary of Diffusivity Calculations 
by Simplified Error Function Method 
fo r  
Run No. 2, Sample Type PG, 20% Aluminum 
(X = 0.864 inches; ti = 76'~) 
T 
Time ts 
Min . OF 
X erf c ----- a 
2"" ft2/hr. 
-3 2 Average C% =: 14.6 x 10 ft /hr . 
Mean Deviation P f 8.5$ 
Table 6. Summary of Dif fusivity Calculations 
by Simplified Error b c t f o n  Method 
for 
Run No. 3, Sample Type ND; 1$ Aluminum 
(X = 0.972 i,nches; ti = 71'~) 
'r t t ts( a ~ g n  1 x Time s x a 
Min. OF "F @ P 2 2Ga ft /hr. 
6 255 73 216 0.0138 5 . 7 2 x 1 0 - ~  
8 260 77 227 0.0380 5 . 5 2 x 1 0 - ~  
12 265 86 239 0.0893 5.68 x 
16 7 97 245 0.1490 5.90 x 
20 248 105 249 0.1910 5r68 x 
-3 2 Average 01 = 5.70 x 10 f t  /hr. 
4- Mean Deviation = - 1.5% 
Table 7. Summary of Response Temperature Values 
f o r  Various Assumed Values of Thermal Diffbsivi ty  
Calculated by the Exact-Solution Procedure - Run No. 1 
(sample Type PG - 20% ~luminum) 
Time Experimental, Caicul.ated Response Temperatures fo r  Assumed Values 
'P Data -3 2 -3 2 -3 2 a-19 x 10 f t  /hr M = 2 0  x 1 0  f t  /hr ~ = 2 1 x  10 f t  /hr 
Table 8. Summary of Response Temperature Values 
fo r  Various Assumed Values of Thermal Diffusivity 
Calculated by the Exact-Solution Procedure - Run No. 2 
( ~ a m ~ l e  Type PG - 20% ~luminum) 
Time Experimental Calculated Response Temperature fo r  Assumed a V a l u e s  
T Data -3  2 -3  2 -3 2 a - 1 8 x 1 0  f t  /hr O ( =  19 x 1 0  f t  /hr Q = X )  x 1 0  f t  /hr 
Table  9.  Summary of Response Temperature Values 
for Various Assumed Values of Thermal Diff'usivity 
Calculated by the Exact Solution Procedure - Run No. 3 




O F  
Calculated Response Temperatures for Assumed d Values 
Time, T , Minutes 
Figure 11. Comparison of Response Temperature Values 
Cal.culnted by the Exact-Sol~ltfon Method-for 
Various Values of ~ i f f b s i v i t y  with Experimental 
Response Temperature 3zta - Run No. 1. 
4 6 
Time, T , Minuhes 
Figure 12, Comparison of Re~ponse Temperature Values Calculated 
by the Exact-Solution Ivlethod for Various \ia.lues of 
Bi f fus iv i ty  with Experimental Response Temperature 
Data - Run No. 2 .  
Time, T, Minutes 
Figure 13. Comparison of Response Temperature Values Calculat 
by the Exact-Solution Method for Various Values of 
Diffisivity with Experimental Response Temperature 
Data - Run No. 3. 
X X X  
CONCLUSIONS AND RECOMMENDATIONS 
The conclusions resul t ing from t h i s  investigation may be sum- 
marized a s  follows: 
1. The simplified procedure and simplified calculation method 
described provide a rapid method of determining an approximate thermal 
d i f fus iv i ty  va1u.e fo r  sol id  rocket propellants such as those used during 
t h i s  investigation. 
2 .  The accuracy of the thermal d i f fus iv i ty  values obtained by 
the methods used i n  t h i s  study depends upon the s imi lar i ty  between the 
experimental boundary conditions and those of the calculation model. 
3. Under the l imitat ions imposed by the conditions exis t ing 
during t h i s  investigation, the resu l t s  obtained by the simplified cal-  
culation procedure (within a range of time not exceeding f ive  minutes 
a f t e r  the s t a r t  of the temperature r i s e  a t  the response location) a re  
within 10 per cent of the resu l t s  obtained by the exact-solution procedure. 
4. The d i f fus iv i ty  values calculated by the exact solution pro- 
vided reproducibili ty within 5 per cent. 
The recommendation i s  made tha t  additional investigations be 
conducted using techniques such as guard heaters o r  guarded hot p la tes  
for  heaters or insulating materials of lower cunductlvi t y or di f f u s i v i  t y  
t o  reduce r ad ia l  heat 1,osses and improve the s imi lar i ty  between the 
experimental and ca1,culation-model boundary conditions. This should 
grea t l y  improve t he  accuracy of the  methods described f o r  t he  present 
invest igat ion.  
Further, invest igat ions  of the  type recommended above should 
include data  runs f o r  mater ia ls  whose thermal d i f f u s i v i t y  values a r e  
f a i r l y  well Kr~own t o  provide a basis  f o r  evaluation of t he  methods 
described f o r  t he  present invest igat ion.  If such materials  a r e  not 
avai lable  i n  t he  desi red geometric configurations, comparisons can be 
made using mater ia ls  with unreported thermal proper t ies .  O f  necess i ty  
then would be the  obtaining of d i f f 'us ivi ty  values f o r  comparison by 
measuring s e ~ a r a t e l y  the  individual  proper t ies ,  thermal conductivity, 
dens i ty  and spec i f ic  heat ,  by methods such a s  those described by 











Constant in the surface temperature equation. 
Constant in the surface temperature equation. 
Constant in the surface temperature equation. 
Temperature function of time. 
Length of experimental sample, ft . 
Temperature of a solid at any time and distance 
in the general temperature response equation. 
Temperature response in a solid corresponding 
to a unit step function surface-temperature rise. 
Distance in sample of response temperature 
location from heated surface, ft. 
Number of time increment increases used in 
computer program ( integer) . 
Number of reitera~ions for series summations 
in the exact equation (integer) 0 
Temperature, OF. 
Initial conditions at 7' = 0. 
Condi.tion for some value of k. 
Condition at heated surface of sample. 
Subscripts ( cant. ) 
Condition at some distance X in sample 
from heated surface. 
0, 1, 2, - - -, n Condition at some position in the sequence 
of events, 0 to n, initial to final. 
Greek Letters 
Q( Thermal diff'usivity, ft2/hr. 
A a  Incremental change in & in computer program. 
Difference between temperature in sample, at 
any distance and time, and the initial, uni- 
form temperature of sample, O F .  
Dummy variable in Duhanel equation. 
Defined as em" in least squares determination 
of surface temperature function. 
Time, min. or hrs. (specified). 
Incremental time change in computer program. 
APPENDIX B 
DEVELOPMnVT OF EQUATION 
The exact-solution equation used i n  the  second phase of the  
ca.lculations of t h i s  t he s i s  was developed from the  Duhamel formula. 
Churchill ( 5 )  presents a development of a general equation f o r  the  
temperature response at any distance X and any time /r i n  a semi- 
i n f i n i t e  s o l i d  having the  following boundary conditions: 
( a )  U( -t O,T)  = 0 
(b) u(~.,T ) = F(T) 
( c >  u(x, + 0 )  = 0 
Here, U represents the  temperature i n  t he  s o l i d  at any X a n d T  prescribed. 
From a modification of Duharnel's formula, the  general, equation f o r  
temperature a t  any distance and time i s  given a s  
U ( X , T )  - F(+ O ) V ( X , T )  +l:CF'(T - h )v(x, h )d h 
V(X,T) is the temperature response corresponding to a unit step function 
surface-temperature rise, i . e . , F(T ) = 1 for + 0 L '(- C oo . 
represents a dummy variable. For unit thermal diffusivity and unit 
length 
Substituting equation ( 5) into equation ( 4) , 
Churchillus development, as presented above, may be applied to 
the analysis of this investigation by letting 0 = U, where Q = tx - ti, 
the difference between the temperature at some point X and the initiai, 
uniform temperature of the sample. Since X in the experimental pro- 
cedure was measured from the heated end of the sample, the X of 
Chuchfl19s notation will be replaced by ( L  - x). The boundary con- 
I I 
': =I\" ' \  
L - x z o  L - X - L  
( a ) '  8( .tO,r) = O  
( b ) '  Q(L, T- 1 = FW 1 
( c ) '  Q ( x , $ O ) E O  
Since the boundary conditions a r e  essen t ia l ly  iden t ica l  t o  those of 
Churchil l 's  development, the  modified Duhamel formula, equation (4), 
may be wri t ten 
For length and d i f fus iv i ty  not equal t o  uni ty ,  equation ( 6) 
becomes 
From the experimental surface temperature data,  t he  surface 
temperature f'unction, F(T), was found t o  be of the  form 
Then, ~ ( i - 0 )  = 0 
and F '(T - h ) = BCe -c(T-A> 
Subst i tu t ing equations (9) , (10) and (11) i n t o  equation (8) 
r e s u l t s  i n  
Integrat ing t he  last term gives 
Cro 'C 
z B c y d - L e . - "  - La -c 
-rr 
sa ~ R ( L - x )  
h= \ 
" Kc- "':P 1 L 
This equation i s  an exact solution f o r  Q and, hence, tx at 
any locat ion i n  the  saaple and a t  any time i n  the i n t e rva l  
APPENDIX C 
MGTHOD OF CALCULATION 
A. Evaluation of Constants in Surface Temperature Equation 
By a method of least squares, the experimental data. of the 
form 
T' (hours) tg(@~) 
is fitted to an equation of the form 
1.. To deternine the constant C: 
- C 
L e t e  = v  
Neglecting the To, to point: 
Then, 
Since - C Y = e  
Then (16) 
2. The constant A and B a r e  determined simply by a l e a s t  
squares method f o r  a two constant polynomial equation. 
B. Evaluation of  constants i n  the  8 equation 
s 
Since an equation of the  form 
ts = A  -Be -c T 
was found f o r  t h e  surface temperature equation from the  
experimental data of a run, then 
where ti = to, o r  t at T = 0 
S 
But i n  equation (14), f o r T  = 0 and t = t- = ti, s 
Hence 
Substituting equation ( 18) into equation ( 17) , 
Theref ore, 
C. Solution of Exact Equa!iEon 
With values of B and C determined Tor the 8 f'unction f o r  
S 
a par t icu lar  data. run, the re i te ra t ive  solution of the exact equati.on 
was programmed fo r  the IBM 650 d i g i t a l  computer of the Rich Electronic 
Computer Center using the Be1.l. General Pu.rpose System of programmingo 
The program provided f o r  a trial-and-error solLution of the exact 
equation f o r  -therma,l di.ff'usivity by calculating response-temperature 
values a t  various periods of time (at  an X value corresponding t o  the 
location of the response thermocouple i n  the experimental sample) f o r  
assumed va.lu.es of t h e m 1  diffusivi ty .  The answer cards were monitored 
continuously and the  program w a s  stopped when a par t icu lar  d i f fus iv i ty  
gave response temperature-time values most nearly l i k e  the experimental 
response temperature -t ime data. The a,vera,ge thermal. d.i. f %us iv i t y  value 
f o r  the data run predicted by the simplifi.ed calculation procedure 
provided the i n i t i a l  assumed d i f fus iv i ty  value. From t h i s  value the 
computer calculated the  first response values, then increased the  
d i f f u s i v i t y  value by a prescribed increment, computed another s e t  of 
response values, and repeated t h i s  cycl ic  operation u n t i l  t h e  program 
w a s  stopped manually by the  operator.  Samples of the  data  storage 
locat ions  and t h e  pxogrbam command sequence a r e  given i n  Tables 11 
and 12, respectively.  
, ~ k ~ b l e  11. Data Storage Locations in Computer for Solution Program 
Ttem Stored Locat ion Description of Item 
Run constant in B, equ.atl.on 
Run Constant in %equation 
Response location in sample 
Constant ( 3.1.416) 
Multiplier 
Length of sample 
Thermal diffusivity 
( f nit ial value ) 
Increment81 time change 
Incremental, d change 
Table 12. Program Command Sequence fo r  a Typical Hun 
hnmand No. b)pera%ion Comnandec. t o  Computer 
Establish Program Point 3 for  d re-entry. 
Compute T . ~  and, s tore  util increased. 
Establish Program h i n t  2 for T re-entry. 
Compute ( -l ln 
Compute C T 
Compute e -C 'F 
Compute (1 - CCT) 
-cT) Compute ~ ( 1  - e
Compute L - X 
L - X  Compute L 
L - X  -Cf, 
Compute B L;- (1 - e 
Establish Program Point 1 fo r  ri re-entry 
Compute T T Q L  - X I  L 
Compute n n i ~  - X) L 
Compute Sin nrr(~ - X) L 
Compute n 
2 
Compute TT 2 
Compute na rZ 
Compute L 
2 
Table 12. Progran Command Sequence for a Typical Run (continued) 
Command No. Operation Commanded to Computer 
- -- 
2 2 






- n 2  n 2 a ~  
'3 
- n2 n 2 d ~  
Compute e - Q - 
Compute C - - TT 2a n2 
-2 
- r ln  (L - x> - n2 n 'm~ .-CT] sin --- Compute (e 
T 2 L 
Compute ( e - n2 *0(? e - ~ ~ l  s i n  n ~ r ( ~  - X) 
,2 L 
2 2 -n g?- n r r ! ~  - X) compute ( -1) n( e sin 
L~ L 
Table 12, Program Command Sequence for a Typical Run ( ~ o n t i n u e d )  
----- 
Command No. 
30 Compute BC 
Compute - 2BC 
ar 
Compute 
Increase n by 1 
Repeat from Prcgm Point Nc, 1 n ? i m e s ,  
f inch  oil% T @A and 8 
k 9  x 
Ee~t39t .  from Progmm Point No. 2 k t,ime; 
Repest *om Psogrm %in% No. 3 
(fiknlja,ily stopped by operator) 
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